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We have formulated a twist operator argument for the geometrically frustrated quantum spin
systems on the kagome and triangular lattices, thereby extending the application of the Lieb-Schultz-
Mattis (LSM) and Oshikawa-Yamanaka-Affleck (OYA) theorems to these systems. The equivalent
large gauge transformation for the geometrically frustrated lattice differs from that for non-frustrated
systems due to the existence of multiple sublattices in the unit cell and non-orthogonal basis vectors.
Our study for the S = 1/2 kagome Heisenberg antiferromagnet at zero external magnetic field gives
a criterion for the existence of a two-fold degenerate ground state with a finite excitation gap and
fractionalized excitations. At finite field, we predict various plateaux at fractional magnetisation, in
analogy with integer and fractional quantum Hall states of the primary sequence. These plateaux
correspond to gapped quantum liquid ground states with a fixed number of singlets and spinons in
the unit cell. A similar analysis for the triangular lattice predicts a single fractional magnetization
plateau at 1/3. Our results are in broad agreement with numerical and experimental studies.
PACS numbers: 75.,75.10.Jm,75.10.Kt,75.50.Ee,75.78.-n
Frustrated spin systems have, for several decades,
drawn significant attention in the search for exotic
ground states. The causes of frustration are several [1–4],
with special emphasis given to lattices on which the clas-
sical Ne´el ground states of the nearest neighbour (n.n)
Heisenberg antiferromagnet cannot be stabilised due to
an intrinsic frustration. The kagome and triangular lat-
tices in 2D and the pyrochlore lattice in 3D are classic
examples of such systems. A large number of theoretical
as well as experimental studies have sought novel ground
states such as spin liquids and spin ice [5–7], as well as
states possessing topological order and fractionalized ex-
citations [8]. In spite of extensive studies on the S = 1/2
Heisenberg kagome antiferromagnet (HKA), the nature
of the ground state and the existence of a spectral gap re-
main inconclusive. Some studies support the existence of
a gap and short-ranged resonating valence bond (RVB)
order [9, 10], while others suggest a gapless spectrum
and algebraic order [11, 12]. Another interesting aspect
of geometrically frustrated spin systems is that they can
possess nontrivial plateaux at zero and fractional mag-
netisation (see, e.g., [13–18] for triangular and kagome
lattices). The existence of such plateaux indicates a fi-
nite gap in the energy spectrum and the possibility of
ground states with non-trivial topological features anal-
ogous to the quantum Hall effects [19–22].
There exist very few non-perturbative methods that,
relying solely on the symmetries of the Hamiltonian, can
offer qualitative insight on the nature of the ground state
and the low-energy excitation spectrum. One of these is
the Lieb-Schultz-Mattis (LSM) theorem[23]. Originally
formulated for the spin-1/2 n.n. Heisenberg antiferro-
magnet chain, it was extended to higher dimensions for
geometrically non-frustrated systems more recently [24–
26]. The theorem relates the existence (or lack) of a
spectral gap to the sensitivity of the ground state to adi-
abatic changes in boundary conditions implemented by a
twist operator. A degeneracy of the ground state can also
be gauged from the non-commutativity between the lat-
tice translation and twist operators. Recent works have
been devoted to extending the applicability of the LSM
theorem to systems with a variety of interactions (e.g.,
extended, anisotropic, bond-alternating, Dzyaloshinskii-
Moriya and even frustrating) [27–29]. These works indi-
cate that the minimum requirements for the LSM theo-
rem are spin Hamiltonians possessing U(1) spin symme-
try, translation invariance in real space and short-ranged
interactions. Importantly, without assuming the unique-
ness of the ground state and by using a squeeze theorem
approach, Ref.([27]) extends the LSM theorem to frus-
trated spin systems where ground state may be degener-
ate. While the theorem has not been extended to non-
bipartite and geometrically frustrated systems, recent nu-
merical results suggest its applicability here as well [30–
32]. Further, Oshikawa et al. [19] extended the LSM-
theorem to the case of finite magnetization (the OYA
criterion), using which one can predict possible magne-
tization plateaux for finite external magnetic field. The
OYA criterion has been successful in predicting plateaux
for the S = 1/2 HKA [15, 33].
The main goal of the present work is to define the
twist operator (also called a large gauge transformation
operator [25, 34]) for geometrically frustrated 2D lat-
tices (e.g., kagome and triangular). The subtlety in the
form of the twist operator in such lattices lies in iden-
tifying the non-trivial unit cell and the associated ba-
sis vectors. Then, from the usual non-commutativity
between twist and translation operators, we obtain the
possibility of gapped, doubly-degenerate ground states
with interpolating fractional excitations for the HKA at
zero field. Further, we demonstrate the existence of sev-
eral plateaux at finite magnetisation from an OYA-like
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2criterion on the kagome and triangular lattices. These
compare favourably with results obtained from various
numerical methods [15]. The non-saturation plateaux
obtained at non-zero field from such spectral flow ar-
guments correspond to quantum liquid ground states in
which the unit cells comprise of short-ranged RVBs along
with a fixed number of spinon excitations [21, 35]. This
should be contrasted with proposals of quantum solid
valence bond solid (VBS) ground states [36] and SU(2)
symmetry broken classical ground states [37] for geomet-
rically frustrated 2D spin systems.
FIG. 1. Schamatic diagram of kagome lattice with the ba-
sis vectors aˆ1 = xˆ, aˆ2 =
1
2
xˆ +
√
3
2
yˆ, so the distance between
nearest neighbour sites is half. Every triangular unit cell has
three different sublattice labelled by a, b and c ( blue, green
and black respectively). The dashed lines show the non-zero
projection of sites in the aˆ2 direction along aˆ1.
The kagome system has two basis vectors aˆ1 and aˆ2
with which the complete lattice can be spanned [Fig.(1)].
The Hamiltonian for S = 12 n.n HKA in a field h is [38]
H = J
∑
<~r~r′>
~S~r · ~S~r′ − h
∑
~r
Sˆz~r , (1)
where the spin exchange J > 0 and sum is over n.n sites.
Here ~r ∈ (~R, j), with ~R = n1aˆ1+n2aˆ2 (n1, n2 are integer)
the lattice vector for a three sub-lattice unit cell (up tri-
angles) and j ∈ (a, b, c) are the three sub-lattices. For N1
and N2 being the number of each sub-lattice along the aˆ1
and aˆ2 directions respectively, the total number of sites
in the lattice is 3N1N2. Below, we will consider periodic
boundary conditions (PBC) along aˆ1 direction. Now, for
δ being the distance between n.n sites, Laˆ1 = 2δN1 and
Laˆ2 = 2δN2 are the lengths along the aˆ1 and aˆ2 directions
respectively. Hereafter, we will consider δ = 1.
In the LSM theorem [23], a twist (i.e., a change in
boundary conditions) is equivalent to insertion of an
Aharanov-Bohm (AB) flux [25, 34] that generates a vec-
tor potential along the periodic direction. This is analo-
gous to Laughlin’s flux insertion for the quantum Hall ef-
fect [39]. By this argument, one can extend the LSM the-
orem to higher dimensions [26], with twisting equivalent
to a large gauge transformation of the Hamiltonian. We
expect an invariance of the spectrum under a large gauge
transformation equivalent to the adiabatic insertion of a
full flux quanta (2pi, in units h = c = e = 1). The
twisted wavefunction, however, reveals the effect of the
flux. Thus, we compute a shift in the crystal momentum
by applying a gauge transformation that reverses pre-
cisely the shift in the eigenspectrum due to the flux [34].
This shift is revealed by a non-commutativity between
the translation and twist operators.
In applying the LSM theorem on geometrically frus-
trated lattices, one has to be careful in defining a suit-
able large gauge transformation. On such lattices, the
basis vectors are usually not orthogonal to one another
(see Fig.(1) for the kagome lattice). Therefore, spins at
different sites along a basis vector (other than that along
which the twist is applied) differ in the phase induced by
the equivalent AB flux. We place the system shown in
Fig.(1) on a cylinder, with PBC along xˆ ≡ aˆ1. Now if we
apply an AB-flux along the axis of the cylinder, a time-
varying vector potential will be induced along aˆ1 direc-
tion. For a uniform gauge A(x) = 2pi/Laˆ1 and A(y) = 0,
there will be no change in the phase of spins on sites with
the same y-coordinate. Given that aˆ2 does not coincide
with yˆ, the phase acquired by the spins varies along aˆ2.
Below, we account for this subtlety in constructing twist
operators for the kagome and triangular lattices.
Given that [Sα~r , S
β
~r′ ] = 0 for ~r 6= ~r′, where α, β ∈
{x, y, z}, we can define separate twist operators for the
three sub-lattices (Oˆa, Oˆb and Oˆc) and combine them
for the complete twist operator Oˆ = OˆaOˆbOˆc . Then,
for a flux quantum along yˆ, the phase difference be-
tween spins belonging to the nearest sites of the same
sub-lattice and with fixed n2 (n1) coordinate is given by
2pi/N1 (pi/N1); see dashed lines in Fig.(1). Therefore,
with the site marked as a in Fig.(1) chosen as the ref-
erence site, the twist operator for sub-lattice a (Oˆa) is
given by
Oˆa = exp
[
i
2pi
N1
∑
~R
(n1 +
n2
2
)Sˆz~R,a
]
. (2)
In a given unit cell, the phases acquired by b and c sub-
lattices differ by 14 (2pi/N1) and
1
2 (2pi/N1) respectively
with respect to the a sub-lattice. Thus, the twist op-
erator for sub-lattice b is given by
Oˆb = exp
[
i
2pi
N1
∑
~R
(n1 +
n2
2
+
1
4
)Sˆz~R,b
]
, (3)
while Oˆc is identical in form, with only the term pro-
portional to 1/4 in the exponent replaced by one pro-
portional to 1/2. Combining the three, we obtain the
3complete twist operator for kagome lattice
Oˆ =exp
[
i
2pi
N1
(∑
~r
(n1+
n2
2
)Sˆz~r +
∑
~R
(
1
4
Sˆz~R,b+
1
2
Sˆz~R,c)
)]
.(4)
This form of the twist operator differs from that obtained
for non-frustrated lattices [25, 34] in two ways. The term
proportional to n2 appears due to the non-orthogonality
of the basis vectors, while the terms proportional to Sˆz~R,b
and Sˆz~R,c arise due to the different phase twists acquired
by the sub-lattices of the kagome system. We will use
this twist operator to obtain the nature of the ground
state and low-energy spectrum for the HKA.
We denote the unit translation operator along aˆ1 di-
rection as Tˆaˆ1 , such that Tˆaˆ1 Sˆ
z
n1,n2,j
Tˆ †aˆ1 = Sˆ
z
n1+1,n2,j
.
For PBC along aˆ1 direction, we obtain the identity
Tˆaˆ1OˆTˆ
†
aˆ1
= Oˆ exp
[− i 2pi
N1
(SˆzTot −N1N2Sˆz4)
]
, (5)
where the total magnetization is given by SˆzTot =
∑
~r Sˆ
z
~r ,
and N2Sˆ
z
4 is the z-component of the vector sum of all
spins within the N2 unit cells lying on a line along aˆ2
(the boundary line [34]). For the kagome lattice, S4 =
1/2, 3/2 such that the eigenvalues of Sˆz4 are ±1/2,±3/2.
From the SU(2) symmetry of the Hamiltonian, we expect
the quantum ground state |ψ0〉 to be a global singlet with
SˆzTot|ψ0〉 = 0|ψ0〉 [10, 11, 40], such that the total number
of sites in the lattice (N1 ×N2) has to be even.
Then, at zero field, eqn.(5) becomes
Tˆaˆ1OˆTˆ
†
aˆ1
= Oˆ exp
[− iN2 (mod pi)] . (6)
For N2 ∈ odd and the lowest excited state |ψ1〉 = Oˆ|ψ0〉,
eqn.(6) leads to 〈ψ0|ψ1〉 = 0, i.e., the ground state and
the lowest lying excited state are orthogonal to one an-
other. Therefore, employing the LSM argument used for
the S = 1/2 Heisenberg chain as well as ladder systems
[23, 35, 41], we find that the S = 1/2 HKA can have one
of two possible ground states. The first possibility is that,
without the breaking of any symmetries, there exists a
many-body gap separating the excitation spectrum from
a two-fold degenerate ground state. This is in agreement
with the finding of a small zero-magnetization plateau
from numerical investigations of the HKA in Ref.([15]).
These two ground states are topologically separated from
one another: the AB flux threading is equivalent to the
insertion of a vison carrying a crystal momentum pi into
the hole of the cylinder [34]. This is the signature of
a Z2 fractionalised insulating phase [34, 42, 43]. The
other possibility is that, in the thermodynamic limit, the
excitation spectrum generated by Oˆ collapses, causing
the many body gap to vanish. Indeed, another recent
work suggests a U(1) gapless spin liquid ground state in
the HKA [44]. Thus, the LSM-like arguments presented
above are, by construction, unable to resolve between
these two possibilities. On the other hand, for N2 ∈
even, 〈ψ0|ψ1〉 6= 0 and the approach taken here does not
yield any firm conclusions about the presence of a gap or
ground state degeneracy.
We will now focus on the properties at non-zero mag-
netic field. Defining magnetization per site as m =
SzTot/3N1N2, eqn.(5) becomes
Tˆaˆ1OˆTˆ
†
aˆ1
= Oˆ exp
[− i2pi(3N2)(m− Sˆz4
3
)
]
. (7)
The appearance of magnetisation plateaux can be under-
stood by noting that we can write the odd integer N2 as
the product of two odd numbers, N2 = (2p + 1)(2q + 1)
where (p, q) can be zero or any positive integer. Then,
denote 3N2 = Qm(2q + 1), where Qm = 3(2p + 1) cor-
responds to the size of a magnetic unit cell. The funda-
mental unit cell of the kagome lattice (see Fig.(1)) has
p = 0 and Qm = 3 spins, whereas the simplest enlarged
unit cell has p = 1 and Qm = 9 spins. We can then de-
rive the OYA-like criterion from eqn.(7) in terms of the
fractional magnetisation, m/ms (where ms = 1/2 is the
saturation magnetisation per site), by requiring that the
argument of the exponential is an integer n (upto a fac-
tor of 2pi(2q + 1)). This is in analogy with the integer
quantum Hall effect [19]. Thus, we obtain
Qm
2
(
m
ms
− 1
3
) = n or
Qm
2
(
m
ms
− 1) = n , (8)
for Sz4 = 1/2 and for S
z
4 = 3/2 respectively.
Qm m/ms S
z
4 = 1/2 S
z
4 = 3/2
3 1/3 n = 0 n = −1
9
1/9 n = −1 n = −4
1/3 n = 0 n = −3
5/9 n = 1 n = −2
7/9 n = 2 n = −1
TABLE I. Plateaux in the fractional magnetization (m/ms)
and the corresponding (n, Sz4, Qm) values in eqn.(8). The
symbols are defined in the text.
The table (I) indicates the positions of various plateaux
at fractional magnetisation in the HKA. Following
Refs.([19]), the 1/3-plateau state arising from a funda-
mental unit cell (Qm = 3) is analogous to the integer
quantum Hall (IQH) state with filling factor ν = 1. This
argument extends to a unit cell enlargement of Qm =
3(2p+ 1), e.g., the four plateaux arising from the three-
fold enlargement (Qm = 9) are in analogy with fractional
quantum Hall (FQH) states with ν = |n|/Qm [22]. Fur-
ther, we can conclude from the relation for Sz4 = 3/2
(8) that some of the ground states in these fractional
plateaux contain a fixed number of spinon excitations
and RVB singlets [45]. Specifically, for Sz4 = 3/2, the
4fractional magnetisation m/ms, the quantity (Qmm/ms)
and |n| correspond to the spinon density, spinon number
and number of singlets within the magnetic unit cell re-
spectively. The plateaux obtained agree with results from
numerical and experimental works [15, 16, 33].
We now turn to the plateaux obtained for S4 =
1/2 = Sz4. The wavefunctions of an isolated trian-
gle of three spin-1/2s (a fundamental unit cell) in the
S4 = 1/2 = Sz4 sector involve linear combinations of
states composed of direct products of a given spin-1/2
and the singlet and triplet states of the other two spin-
1/2s (see, e.g., eqn. (16) of Ref.([46]). Then, the 1/3
plateau in Qm = 3 can be seen to arise from wavefunc-
tions composed entirely of linear combinations of direct
products of single spin-1/2 and triplet states of the other
two spins (i.e., a singlet bond count for the fundamental
unit cell being |n| = 0). For the three-fold enlarged unit
cell of Qm = 9, the 1/9 and 5/9 plateau states possess a
wavefunction in which one of the three triangles involves
a singlet (|n| = 1). Similarly, the 1/3 state has a wave-
function with no singlets in any of the three triangles,
while the 7/9 state has singlets in any two triangles.
We now extend our analysis to the triangular lat-
tice. Although the triangular lattice possesses geomet-
rical frustration, it has a simple unit cell with an invari-
ance of the Hamiltonian due to translation by one lattice
site. Further, it has two basis vectors identical to the
kagome lattice, but with half the length. Thereby, the
twist operator for triangular lattice has the form
Oˆ = exp
[
i
2pi
N1
∑
~R
(n1 +
n2
2
)Sˆz~R
]
, (9)
with a notation identical to that used for the kagome lat-
tice. Similarly, the OYA-like criterion for the triangular
lattice is found to be
Qm
2
( m
ms
− 1) = n . (10)
This criterion offer a 1/3-plateau as the simplest possibil-
ity via the enlargement of the magnetic unit cell, i.e., with
Qm = 3 and n = −1, and is analogous to the FQH state
with ν = 1/3. This is consistent with predictions from
numerical and experimental works [13, 17, 18, 47, 48].
In conclusion, we have derived the twist operator for
the kagome and triangular lattices. Although the form
of the twist operator is different from that for non-
frustrated lattices, the non-commutativity between twist
and translation operator is similar in the sense that it de-
pends only on boundary unit cells. We have shown that
the contribution from boundary spins leads to several
possibilities for magnetization plateaux in frustrated sys-
tems. The plateaux are observed to be analogous to the
integer and fractional quantum Hall states, offering in-
sight into quantum liquid ground states with fixed num-
bers of singlets and spinons in the unit cell. It appears
straightforward to extend the above formalism to other
frustrated lattices, e.g., the pyrochlore in 3D.
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